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1. Introduction

In O(a)-improved lattice QCD [1,2], the computation of the quark forces that enter
the molecular-dynamics equations is quite complicated. The steps described in this
note are intended to minimize both the computational and the communication effort
required for this calculation.

The notational and normalization conventions used here are the same as the ones
employed in ref. [3]. In particular, the representation of the Dirac matrices specified
in these notes is assumed. The SU(3) conventions are summarized in appendix A.

2. Actions and forces

HMC simulations of QCD [4] now usually involve a frequency splitting of the quark
determinant. As a consequence, there are many contributions to the force that drives
the molecular-dynamics evolution of the link variables U(z, 1) and their momenta
II(x, p). Here the case of the twisted-mass frequency splitting proposed by Hasen-
busch [5] is considered, but most formulae obtained in sect. 3 do not depend on this
choice.

2.1 Molecular dynamics

As usual, the momentum field

M(z, 1) = a, )T (2.1)



takes values in the Lie algebra of SU(3) (cf. appendix A). Memory space is allocated
for the momenta on all links (z, i1) of the lattice, but with open boundary conditions
[6], the link variables and their momenta on the time-like links at time o = Ny — 1
are not used. In the openQCD package, these field components are set to zero and
remain unchanged in the course of the simulations.

The molecular-dynamics Hamilton function

H(ILU) = $(IL,II) + S(U) (2.2)
consist of the kinetic part

SALID) = 3> " Ti(w, p)*Ti(w, ) (2.3)

and the sum
S(U) =ScU) + Spe(U), (2.4)

of the gauge action Sg(U) and the pseudo-fermion action Sp¢(U).
The molecular-dynamics evolution of the fields is determined by Hamilton’s equa-

tions
oll(x, ) = =179, ,S(U), (2.5)
U (z, p) = W(w, p)U(x, p), (2.6)

where ¢ denotes the molecular-dynamics time and 93 , the partial derivatives with
respect to the link variables U(x, 1) (see appendix A).

2.2 Factorization of the quark determinant

Let D be the massive O(a) improved lattice Dirac operator [3] and po, ..., i, a set
of twisted-mass parameters such that

Ly > fhp—1 > ... > g > 0. (2.7)

The partition function of a doublet of mass-degenerate quarks may then be factorized
according to

(2.8)

n—1
DD + 12
det(D'D + pd) = det(D'D + u2) H det {W} )
k=0

DD + pif 4
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If non-zero, the lowest twisted mass po can serve as infrared regulator [7] or it may
be interpreted as a physical (twisted) mass of the quark doublet.
The pseudo-fermion action corresponding to the factorized quark determinant is

given by
St =D Spt.s (2.9)
k=0
Spt ke = (¢, (DD + pi ) (D'D + pi3) 1), k=0,1,...,n—1, (2.10)
Sptn = (Gn, (DID + 1i2) " o), (2.11)
where ¢y, ..., ¢, are independent pseudo-fermion fields. Introducing the fields
Ui = (D + i)~ s, (2.12)
Xk = (D —ipys) ™ 50, (2.13)

a little algebra shows that
0% . Sotk = —2(i 41 — i) Re (Xk, 1508, D), k=0,1,....n—1,  (2.14)
Oy Spt.n = —2Re (Xn> 50z . D¥on). (2.15)
The quark force deriving from the action Spy ;, can thus be calculated by computing

the fields vy and xy, using a suitable solver for the twisted-mass Dirac equation,
and subsequently the matrix element (2.14) or (2.15) (if £ = n).

3. Explicit expressions for the quark forces

The force field

F*(, 1) = ~2Re (x, 302, DY) (3.1)
is a sum of two terms,

Fo(z, 1) = =2Re (X, 7507 ,(Dee + Doo ), (3.2)
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Fyop(z, 1) = —2Re (X, 7505, (Deo + Doe)¥), (3.3)

where Dee, Deo, - . . are the even-even, even-odd, etc., parts of the Dirac operator [3].
These two contributions are quite different and are kept apart in the following.

3.1 X matrices

In both cases, the computation can be divided in roughly two steps, where one first
sums over the Dirac indices and then over the colour indices. More precisely, the
matrices computed in the first step are

—12{ Y50 ) a(@) ® xa(@)" + (¥ = x)}, (3.4)
Xu(@) =Y {1 = 7)¥)alz + @) @ xa(x)" + (& < x)}. (3.5)
A=1

The sums in these equations run over the Dirac index of the spinors involved and
the tensor products are taken in colour space, i.e. both X, (z) and X, (x) are 3 x 3
complex matrices in colour space.

With the Dirac matrices chosen as in appendix A of ref. [3], the matrices X, are
given by

Xo1(z) = i{ Mz + My + My + Mys}, (3.6)
Xoa(z) = i{i(Mrz — Ma1) 4 i(Mss — Mys)}, (3.7)
Xoz(x) = i{ M1y — My + Mss — Mys}, (3.8)
Xo3(x) = i{ =My — Moy + Mszy + Mys}, (3.9)
Xsi1(z) = z{—z Mg — May) + i(Msy — M43)}, (3.10)
Xio(x) = i{=My1 + Moy + Mz — My}, (3.11)
where
Map = ¢a(z) © xp(x)" + xa(z) @ ¥p(a)". (3.12)
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Fig. 1. Graphical representation of the products of gauge field variables contributing
to the lattice field strength tensor (3.19). Each square corresponds to one of the terms

in eq. (3.20).

Note that only the hermitian 6 x 6 matrices
<M11 MlZ) and <M33 M34)
My Mao Mys Mg

need to be computed to be able to evaluate egs. (3.6)—(3.11).
In the case of the other matrices, X, (z), the explicit expressions are

Xo(x) = (1 + ¥3) (= + 1) © (x1 — x3)(2) "+

(%2 +va)(z + ) ® (x2 — xa) (@) + (¥ = x),
Xi(z) = (1 +ivha) (@ + @) © (x1 — ixa)(2) T+

(W2 +ip3) (2 + 1) @ (x2 — ixa) (@) + (¥ = X),
Xo(z) = (1 + Pa) (@ + 1) ® (xa — xa) (@) +

(%2 — ) (x + 1) © (x2 + x3) (@) + (¥ = x),
Xa(z) = (1 +ivhs) (x + @) © (x1 — ixs)(2) +

(12 — itha)(z + 1) ® (x2 + ixa)(2)T + (¥ < x).

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

Contrary to the tensor matrices (which are antihermitian), these matrices are generic

complex 3 x 3 matrices.



3.2 SW part of the force
The diagonal part of the Dirac operator,

3
Do + D, = constant + cey Z ialwﬁuw (3.18)
H,v=0

involves the field tensor

ﬁ;u/(x) = % {Q}LV(x) - Qu,u(x)} ) (319)

(see fig. 1). The force (3.2) is thus given by

Fo (@, ) = 03, Ssw (3.21)
where
Sew = —2Csw ¥ > Retr{Quo (1) X0 ()} (3.22)
y p<o

After substituting eq. (3.20), the “action” Sy is seen to be a sum of plaquette terms.
There are four terms per plaquette, one for each point where the X matrix can be.

The SW force field may thus be computed by running through all plaquettes and
adding the associated contributions to the force field. In order to write down these
contributions explicitly, it is helpful to introduce some notation. Suppose the current
plaquette is in the (p, o)-plane at the point y. The link variables and X matrices
residing on that plaquette are

w W
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NNNO)
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= = I =
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=)
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Fig. 2. Labeling of the link variables [egs. (3.23)—(3.26)] and X matrices [eqs. (3.27)—
(3.30)] along a plaquette in the (p, o)-plane.

and
20 = Xpo (), (3.27)
Xpo(y + ), (3.28)
Xpo(y +6), (3.29)
23 = Xpo(y+p+06) (3.30)

(see fig. 2). Using these abbreviations, the contribution of the plaquette to Sy is
given by

—%Csw Re tr{zououlu;ﬂ)u; + uozlulugug + uoulzgu};ug + uoulu;ﬂ)zQu;}. (3.31)

Differentiation of this term with respect to ug, u1,us and us leads to contributions

fo, f1, f2 and f5 to the force on the links (z, u) = (y, p), (y+p,0), (y,0) and (y+3, p),
respectively.

If the first product in eq. (3.31) is differentiated with respect to ug, for example,
one obtains a contribution to T*F2 (y, p) of the form

—%Csza Re tr{T“u[]ulu;u;zo} = %cswp{uoulugugzo}, (3.32)
where

P{m} =1(m— mt) — Ttr(m — m') (3.33)
projects any complex 3 x 3 matrix m to su(3). The product on the right of eq. (3.32)

is graphically represented by the top-left diagram shown in fig. 3. Similarly, one
obtains 15 further terms that correspond to the other diagrams in the figure.
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Fig. 3. Products of the link variables and X matrices around the plaquettes in the
(p, o)-plane, which need to computed in order to evaluate the SW force. The products
in columns 1-4 contribute to fo, fi, f3 and fi, respectively.

The associated products of 3 x 3 matrices may be efficiently calculated by first
computing

wo = ugug, 3.34
wy = uyud, 3.35

_ T
W2 = UgzoUQ,
w3 = 22Wo,
_ T
w4 = U123U3,
Wy = WpZ1-

After that one can calculate the su(3) matrices

Yo = P{wiwa}, (3.40)



y1 = P{waw1 }, (3.41)
y2 = P{wiws}, (3.42)
ys = P{wsw }, (3.43)
ys = P{wawo}, (3.44)
ys = P{wows}, (3.45)
ye = P{wiws}, (3.46)
y7 = P{wsw1 }, (3.47)
and finally the contributions to the force
fo = T5csw{uo(yo +y2 + ya)u + uzyrui}, (3.48)
f1 = T5csw{yo + y2 + ya + e}, (3.49)
fo = — s cew{ua(yr +ys + yr)ud + uoyoud}, (3.50)
fs = —f5cew{v +ys +ys + 7). (3.51)

In total these are 16 matrix products and 4 rotations in su(3) per plaquette.

3.8 Hopping part of the force

A short calculation shows that
3
Fop(@, 1) =Y Re {x(2) T°U(x, m)7s(1 = yu)vo(x + i) + (¢ < x)}.  (3.52)
pn=0

Recalling the definition (3.5), this leads to the expression
T Fiop (@, 1) = =5 P{U (2, n) Xpu(2)}- (3.53)

The hopping part of the force is thus very much easier to evaluate than the SW
part.



4. Even-odd preconditioned fermion action

If the twisted-mass terms are introduced merely for technical reasons, one has the
option of adding them on the even sites of the lattice only. This choice has some
advantages when even-odd preconditioning is used and is therefore made in this
section.

4.1 Factorization formula

Let 1. be the projector to the subspace of quark fields that vanish on the odd sites
of the lattice. Its action on any fermion field ¥ (z) is given by

Y(x) if x is even,
L(z) = { (4.1)
0 if x is odd.
The Dirac equation with a twisted mass on the even sites,
(D + ipysle)ip(x) = n(z), (4.2)
can be solved by solving the even-odd preconditioned system
(D =+ ilu”)/5)we =T — DeoDo_olno (43)
and by setting
1/}0 = Dc?ol {770 - Doewe}y (4-4)

where D denotes the even-odd preconditioned Dirac operator [3].
With such twisted-mass terms, the factorization formula replacing eq. (2.8) reads

det{(D" — ipoys1e)(D + ipoysle)}

(4.5)

n—1 A
o DD + 2
= (det Doo)? det(D'D + 1i2) T det {W} .
k=0

DD + pij 4

The formula shows that a proper frequency splitting of the quark determinant can
be achieved in this way too. A notable difference with respect to the case previously
discussed is, however, the presence of the “small determinant” det D, on the right
of eq. (4.5), which is rapidly varying with the gauge field and thus belongs to the
high-frequency part of the determinant.
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4.2 Pseudo-fermion actions and forces

The pseudo-fermion action corresponding to the factorized quark determinant (4.5)
is given by

St =D Spts (4.6)

k=0
Spf,k = (¢k,e>(ZA)TZA)+Mi+1)(f)TD+Mi)il¢k,e)7 k:()al?"'?n_lv (47)
Spf:n = (¢n767 (ﬁtD + ui)_lén,e)a (48)
where ¢, ..., Pn,c are independent pseudo-fermion fields that vanish on the odd

sites of the lattice. Introducing the (full lattice) fields
P = (D +ipysle)  VsPk e (4.9)

Xk = (D - iﬂk751e)_175lewk7 (4.10)

a little algebra shows that

~

0% .otk = —2(pi 41 — 1) Re (Xk, 7508, D), k=0,1,....,n—1,  (411)
35 Spt.n = —2Re (xn, 1505, Dp). (4.12)

The forces deriving from the actions Spf,k- can thus be computed using the generic
formulae derived in sect. 3. Note that the pseudo-fermion actions

gpf,k = (¢k7¢k) + (/‘%—&-1 - :U’z)(wkv 1e¢k)7 k=0,1,....,n—1, (4'13)

Spfm = (%, 1ewn)7 (4.14)

are easily obtained once the fields 1 are known.
The fields ¥, and xj; may alternatively be calculated through

Xie = (D'D + p3) " pe, (4.15)
Xk,0o = *DgolDoeXk,ey (416)
Ui = V5(D = i1k75) X (4.17)
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wk,o = _D;01D06¢k,e- (418)

This is the preferred scheme if the Dirac equation is to be solved with the conjugate
gradient algorithm. Equations (4.9) and (4.10) may however be better suited if other
solvers are used.

4.8 Force deriving from the “small determinant”

The first factor in eq. (4.5) corresponds to the action

Saet = —2TrIn(le + Doo) = —2 » _ trln M (z) (4.19)

in the molecular-dynamics Hamilton function, where

B Ay (x) 0
M(x)-( 0 A(a:)) (4.20)

is the matrix in spinor space representing the action of Dee + Do at the point x
(see subsect. 4.2 in ref. [3]). The hermitian 6 x 6 blocks A1 (z) in eq. (4.20) act on
the upper and lower two Dirac components of the quark fields, respectively. They
are of the form

A, = A Arg 7 4 Aszs Asg | (4.21)
Agr Ago Agz Au
where A;; is a complex 3 x 3 colour matrix that acts on the j'th Dirac component
of the quark spinors.

The force deriving from the action Sge involves the inverse of M (x), which may
be similarly decomposed,

e Bi1 B | Al B33 Baa , (4.22)
B21 BQQ B43 B44

into 3 x 3 colour matrices B;;. As in the case of the force FZ (x, u), it is now helpful
to introduce the X matrices

Xuw(@) =i {ouwM(@) ™ }aa. (4.23)
A=1
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Explicitly,

Xo1(z) = i{B12 + Ba1 — Bsy — Bus}, (4.24)
Xoz2(z) = i{i(B1z — B21) — i(Bss — Bus) }, (4.25)
Xos(z) = i{B11 — Bay — Bss + B}, (4.26)
Xoz(z) = Z{ Bis — Bay — B3y — B43}7 (4.27)
X31(z) = l{—Z (Bi2 — Ba1) — i(B3a — B43)} (4.28)
Xia(x) = Z{ Bi1 + Bag — B3z + B44} (4.29)

Note that X, (x) vanishes at time xy = 0 and xy = Ny — 1, since M (x) is equal to
the unit matrix at these points [3]. The force is then given by

Fio(w, 1) = 9 ,Saer = —fcow D Y Retr{[05 Q0 (1)1 X,0(y)}- (4.30)

y odd p<o

Apart from a factor 2, this formula coincides with the one obtained in sect. 3 for the
force F2 (z,p) (cf. egs. (3.21),(3.22); the sum over y can be extended to all points
by setting the X tensor field to zero on the even points).

5. Programs

The programs that compute the gauge and quark forces are contained in the direc-
tory modules/forces. A list of all available functions is included in the README file
in this directory, while the functionality of the programs is briefly described at the
top of the program files.
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Appendix A

The Lie algebra su(N) of SU(/N) may be identified with the linear space of all anti-
hermitian traceless N x N matrices. With respect to a basis 7%, a =1,...,N? —1,
of such matrices, the elements X € su(N) are given by X = X*7T® with real compo-
nents X (repeated group indices are automatically summed over). The structure
constants f*¢ in the commutator relation

[Ta7 Tb] — fabcTc (Al)
are real and totally anti-symmetric in the indices if the normalization condition
tr{T°T"} = — 35 (A.2)

is imposed. Moreover, fecd fbed — N§ab,
If 7(U) is a differentiable function of the gauge field, its derivative with respect
to the link variable U(z, ) in the direction of the generator T* is defined by

T U (w, ) if (y,v) = (z, ),

Ul(y,v) otherwise.

d
a;,ﬂf(U) = a‘f(Ut) ) Ut(yvl/) = {
t=0

(A.3)

In particular, in the case of a scalar function F(U), the combination 7¢9; ,F(U) is
a vector field with values in su(3) that transforms under the adjoint representation
of the gauge group.
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